The use of magnetism for various microfluidic functions such as separation, mixing, and pumping has been attracting great interest from the research community as this concept is simple, effective, and of low cost. Magnetic control avoids common problems of active microfluidic manipulation such as heat, surface charge, and high ionic concentration. The majority of past works on micromagnetofluidic devices were experimental, and a comprehensive numerical model to simulate the fundamental transport phenomena in these devices is still lacking. The present study aims to develop a numerical model to simulate transport phenomena in microfluidic devices with ferrofluid and fluorescent dye induced by a nonuniform magnetic field. The numerical results were validated by experimental data from our previous work, indicating a significant increase in mass transfer. The model shows a reasonable agreement with experimental data for the concentration distribution of both magnetic and nonmagnetic species. Magnetoconvective secondary flow enhances the transport of nonmagnetic fluorescent dye. A subsequent parametric analysis investigated the effect of the magnetic field strength and nanoparticle size on the mass transfer process. Mass transport of the fluorescent dye is enhanced with increasing field strength and size of magnetic particles.
I. INTRODUCTION
A micromixer is one of the most significant microfluidic devices that attracted a great deal of interest from the research community. Rapid mixing is important for many biological, chemical, and biochemical assays (Yang et al., 2016; Zhu and Nguyen, 2012b) . While passive micromixers purely rely on hydrodynamics and molecular diffusion, active micromixers require external energy such as electric, acoustic, optic, and magnetic fields to enhance mixing. The application of electric, acoustic, or optic fields often results in temperature rise, which is not desirable for sensitive samples such as cells or deoxyribonucleic acids (DNAs) (Nam-Trung and Zhigang, 2005; Yang et al., 2016; and Zhu and Nguyen, 2012b) . By contrast, magnetism provides advantages such as low cost, simplicity, contactless control, no induced heat, and independence of pH level or ion concentration (Zhu and Nguyen, 2012b) . Therefore, microfluidic devices controlled by magnetic forces have recently attracted increasing research activities (Yang et al., 2016) .
Several past studies demonstrated the enhancement of mixing with micromagnetofluidic techniques. Mao and Koser (2007) reported the manipulation of a ferrofluid (FF) stream with local alternating magnetic fields. The device could enhance mass transport significantly using low-voltage excitation. Tsai et al. (2009) and Fu et al. (2010) investigated the mixing phenomena experimentally between ferrofluid and water using a permanent magnet. The results showed that rapid mixing between ferrofluid and water could be achieved by placing permanent magnets in a suitable location. Mixing efficiency may reach 90%, which is significantly higher than that of molecular diffusion. Zhu and Nguyen (2012b) reported the mixing phenomena caused by the interaction
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scitation.org/journal/phf between a uniform magnetic field and a ferrofluid in a circular microfluidic chamber. Both studies used an electromagnet to generate the magnetic field. The authors showed that a mixing efficiency as high as 90% can be achieved instantaneously at a relatively low magnetic field of less than 10 mT. Feng et al. (2016) presented enhanced mixing by introducing Lagrangian chaos through electroosmosis (EO) or induced charge electro-osmosis (ICEO) in an eccentric annulus. They found that the created Lagrangian chaos resulted in rapid mixing than pure EO or ICEO. Zhu and Nguyen (2012b) showed that both the flow rate and the viscosity affect the mixing process. Parada and Zimmerman (2006) used a magnetohydrodynamic model to analyze the interaction of a conductive fluid in both electric and magnetic fields using the Galerkin finite element method (FEM). Li et al. (2018) conducted several experiments on magnetic induced self assembly using mixed magnetic multiphase fluids comprised of silica microspheres. Chen et al. (2017) employed a multiphysics numerical model to investigate the sedimentation of two nonmagnetic particles in a magnetic fluid subjected to a magnetic field. Most of the previous works mentioned above did not report any numerical study and did not use diamagnetic dye for tracing the mass transport. Detailed numerical simulation provides better insight into the effect of different process parameters such as magnetic field strength, distances of the channel from magnet, concentration, and to optimize the design of the microchannel. Zhigang et al. (2004) presented a 2D mixing model based on pure diffusion, i.e., with no disturbance induced by external fields. The authors reported both linear and nonlinear models with a diffusion coefficient as a function of the concentration and discovered that the nonlinear model fitted experimental data well. Wang et al. (2008) numerically investigated a magnetic particle driven micromixer with a pair of external electromagnets. The authors studied the effects of various design parameters such as the applied magnetic field strength and the operating frequency. Wen et al. (2009) presented a simple micromixer using ferrofluids and AC electromagnet. A mixing efficiency of 95% was achieved within 2 s. Cao et al. (2015) studied an active mixer based on a hybrid gradient magnetic field generated by a permanent magnet and an electromagnet. The magnet system generates an alternating uniform magnetic field. The hybrid magnetic field allowed for a mixing efficiency of 97%-99%. The authors also developed a numerical model, which was, however, not validated by experimental data. Zhu and Nguyen (2012a) investigated experimentally and numerically the spreading phenomena caused by the interaction between a uniform magnetic field and a magnetic fluid in microchannels. In this work, the magnetic force is compensated by a correction factor to fit the simulation results with experimental data. The correction factor is 1000 for ferrofluid core and 100 for a ferrofluid-cladding case. Thus, this numerical model could only provide qualitative insight into the phenomenon. Zhu and Nguyen (2012a) reported the spreading of ferrofluid core with oil as cladding streams. The experimental results showed a strong spreading phenomenon at a higher magnetic field strength and a lower flow rate ratio. However, the numerical model needed a correction factor of approximately 1000 to match experimental data.
Specifically, numerical modeling is needed to obtain a quantitative description of ferrofluid flow, spreading, and focusing in the presence of a magnetic field. Simulations are also helpful to understand the phenomenon of magnetofluidic spreading, and its applications (Zhaomeng et al., 2015) . Wang et al. (2015) reported a numerical model that agreed well with their experimental data, without the use of any correction factor. However, the evolution of magnetofluid spreading over time and the relative importance of the factors governing the phenomenon was not reported. All the above models do not consider the susceptibility of ferrofluid as a function of the concentration of the magnetic nanoparticle. Therefore, the models might provide an erroneous prediction. Some models were affected by numerical diffusion which needs to be addressed before more accurate and quantitative simulation data can be obtained (Zhu and Nguyen, 2012b) . Recently, the diffusion enhancement using a magnetic field for nonmagnetic species such as fluorescent dye has been investigated experimentally by . However, the numerical simulation for mass transfer enhancement of nonmagnetic species induced by nonuniform magnetic field has not been investigated.
The present study aims to develop a comprehensive numerical model to investigate mass transfer enhancement of ferrofluid and fluorescent dye using a nonuniform magnetic field. A comprehensive numerical method for understanding the transport phenomena of multiple species in a micromagnetofluidic system is lacking. In addition, the numerical model will serve as a design tool of micromagnetofluidic platforms for fluid handling applications such as mixing and particle separation. The model was validated against previous experimental data ( and provided a good agreement between simulation and experimental data. Furthermore, a parametric analysis is conducted to study the effect of nanoparticle size and distance of the channel from the magnets on mixing. The paper is structured into three sections. Section II presents the numerical simulation along with their boundary and initial conditions. Section III reports the results, discussion, and parametric analysis. Section IV finally concludes the paper.
II. NUMERICAL MODEL
This section presents the general governing equations with specific assumptions for each physics involved in the simulation of the magnetofluidic mass transport phenomena. Then, necessary initial and boundary conditions and input parameters required for developing the model are also presented and discussed in details.
A. Geometry and material Figure 1 shows the schematic of the microchannel and the magnet setup. The microchannel has a height of H = 50 µm, a width of 2W = 500 µm, and a length of L = 12 mm, three inlets, a straight rectangular mixing channel, and a single outlet.
We considered a two-dimensional (2D) geometry with a shallow channel approximation to compensate the three-dimensional (3D) effect. A common 2D approximation often fails to give the correct results, where the depth of the channel is much smaller than the width as 2D approximations exclude the boundaries, which have a great effect on the flow. The shallow channel approximation overcomes this problem by considering the effect of the unaccounted boundaries of a 2D geometry (Bruus, 2008) . This approximation 
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where H is the channel height, ⃗ u f is the velocity field (m/s), and µ f is the dynamic viscosity of the fluid (Pa s).
The water-based ferrofluid (EMG707, Ferrotec) diluted to 20% volume concentration was used for the core stream. Deionized (DI) water is introduced as sheath flow through the other two inlets. An amount of 0.05 g of fluorescein sodium salt (acid yellow, Sigma-Aldrich Co.) was dissolved in 20 ml of DI-water for visualization. The fluids were delivered using three precision syringe pumps (SPM100, SIMTech Microfluidics Foundry). Three 3.2-mm × 3.2-mm × 3.2-mm Neodymium-Iron-Boron (NdFeB) permanent magnets (B222, K&J Magnetics, Inc.) provide the magnetic field for the experiment. More details of the experimental method can be found in our previous paper .
B. Governing equations
Fluid flow
Because the Reynolds number in a typical microfluidic device is relatively small (Re < 100), the flow can be considered laminar (Bruus, 2008; Xu et al., 2013) . With a Reynolds number on the order of 1, we can use Stokes flow to describe the system, which is also known as creeping flow. Under this condition, nonlinear inertial force, ρ f ⃗ u f ⋅ ∇⃗ u f , can be neglected (Bruus, 2008; Xu et al., 2013) . Therefore, combining the shallow channel approximation and creeping flow, the incompressible steady-state Navier-Stokes equations become
where ρ f is the density of the fluid, ⃗ u f is the velocity field (m/s), µ f is the dynamic viscosity of the fluid (Pa s), ⃗ Fµ is the drag force as described in Eq.
(1), P is the pressure (N/m 2 ), I is the identify matrix, and ⃗ F is the volume force (N/m 2 ). The effective density of ferrofluid, ρ f , is given by
where ρnp is the density of nanoparticles, ρw is the density of water, and is the volume fraction of magnetic nanoparticles (MNPs).
The effective dynamic viscosity of the mixture can be calculated by (Brinkman, 1952; Rabbi et al., 2016) 
where µw is the viscosity of DI water. The body force F in Eq. (2) represents the Kelvin body force (i.e., the force that a magnetic fluid experiences in a spatially nonuniform magnetic field per unit volume) and can be calculated as (Strek, 2008) ⃗
where ⃗ B is the magnetic flux density distribution (W/m 2 ), ⃗ M is the magnetization which can be calculated from magnetic field physics discussed in Sec. II B 2.
Magnetic field
The magnetic field is calculated by solving Maxwell equations for the set of permanent magnets. The following equations govern the magnetic field for a permanent magnet:
The magnetization relation ⃗ B = µ 0 ⃗ H + ⃗ M for the magnets and relative permeability relation ⃗ B = µ 0 µr ⃗ H were used (Fateen and Magdy, 2015) , where H is the magnetic field distribution (A/m), B is the magnetic flux density distribution (W/m 2 ), M is the magnetization, and Vm is the magnetic scalar potential. The µ 0 and µr terms represent the vacuum permeability and relative permeability, respectively.
Transport of diluted species
Transport of diluted species is used to calculate the concentration, c (mol/l), where the spatial and temporal variation of the MNPs, cnp, and solution inside the microchannel is described by the convective-diffusive equation
and similarly, the variation of the fluorescent dye concentration, c fd , is described by
where cnp is the concentration, ⃗ unp is the velocity (m/s), and D eff ,np is the effective diffusivity coefficient (m 2 /s) of the MNPs, and R is the consumption and generation with subscripts np and fd indicating MNP and fluorescent dye, respectively. There is no consumption and generation of particles for both MNP and fluorescent dye in this case, and, therefore, Rnp and R fd are set to zero.
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The total velocity of a particle, up, is the vector summation of hydrodynamic velocity, u, obtained from Eq. (2) and a drift velocity, (umag) induced by the magnetic force
The drift velocity can be calculated from the magnetic force exerted on the material given by
Here, ⃗ Fmag,np is the magnetic force (N), ηw is the dynamic viscosity of water (Pa s), and rnp is the radius of the MNPs (m).
The magnetic force ⃗ Fmag,np exerted on a particle can be evaluated from the total moment on the particle and applied magnetic field by the following equation:
where ⃗ m is the total moment on the particle, ⃗ m = Vp ⃗ M, which depends on its volume, Vp, and the volume magnetization, ⃗ M. Here, ⃗ M = ∆χ ⃗ H and ∆χ is the volumetric magnetic susceptibility difference between the particle, χp, and the surrounding buffered fluid medium, χ f . Therefore, the magnetic force exerted on a particle can then be determined by the strength and gradient of the applied magnetic field, ⃗ B = µ 0 ⃗ H, yielding to (Plouffe et al., 2011; Tarn et al., 2013 )
where µ 0 is the permeability of vacuum 4π × 10 −7 TmA −1 .
Typically, forces on magnetic particles range from a few piconewton to a few tens of piconewton (Pamme, 2006) . The term ∆χ = χp − χ f can be positive or negative, i.e., the particle can be repelled from or attracted to the high magnetic field gradient.
For a diluted ferrofluid, the effective diffusivity, D eff ,np, of the MNPs can be obtained using the Stokes-Einstein equation (Probstein, 2005) given by the following equation (Ranjan et al., 2011) :
Here, kB is the Boltzmann constant (1.380 62 × 10 -23 J/K), T is the temperature (K), and dnp is the diameter of the nanoparticles (m). The numerator, kBT, of Eq. (15) represents an estimate of the translational kinetic energy of a particle, whereas the denominator of the equation represents viscous drag force, in Newtons (Tarn et al., 2014) .
The nonlinear equation for diffusion coefficient had better prediction capability for diffusive mixing in the microchannel (Zhigang et al., 2004) . Datta (2007) and Ni (1997) proposed the diffusion coefficient to be a function of concentration that can be expressed as a nonlinear exponential function. Therefore, a similar nonlinear equation of diffusion coefficient as a function of MNP volume fraction is considered in this study and expressed by
The coefficients of the exponential term were obtained by adjusting the fluorescent dye concentration with experimental data.
C. Initial conditions, boundary conditions, and input parameters
The volumetric flow rate for sheath flow wasV sh = 30 µl min and that of core flow wasVc = 2µl min. The inlet boundary conditions were set at a constant velocity for the sheath flow and core flow calculated as follow. , where Ac is the cross section area of the core channel. The exit was set at the outflow condition, i.e., zero pressure, p = 0. No slip condition was employed at the walls, i.e., ⃗ u = 0.
In this study, the permanent magnets are assumed to be magnetized indefinitely in the absence of an applied field (Gonzalez, 2009 ). The inflow condition was used for the concentration of MNPs and fluorescent dye.
Input parameters
The input parameters of the model are listed in Table I . The other variables which are not listed are discussed in this section. The permeability of the ferrofluid is calculated using the Maxwell-Garnett theory (Garnett, 1904) 
where µr is the relative permeability of the ferrofluid, µr,m is the relative permeability of the continuous medium (water in this case), µr,p is the relative permeability of the magnetic nanoparticles of the ferrofluid, and β is the so-called magnetic contrast factor (López-López et al., 2006).
D. COMSOL implementation
COMSOL Multiphysics 5.3 (COMSOL, Inc., USA) was used to solve the numerical model. Magnetic field (no currents) physics was used to simulate the permanent magnetic field. Creeping flow in the laminar regime was used for fluid flow simulation, and the transport of diluted species physics was used to calculate the concentration of nanoparticles and fluorescent dye. The solution of the magnetic field was taken as input for the fluid flow and the convective-diffusive transport. A grid dependency test was conducted with 256 461, 290 990, 348 112, and 1 164 168 elements and indicated that the results (concentrations) do not change noticeably with the number of selected elements (Fig. 2) . The average mesh quality of all meshes tested was 0.9941. The mesh quality is sometimes referred to the minimum element quality where element quality is defined as
, where A is the area, h 1 , h 2 , and h 3 are the side lengths of the triangular mesh. The mesh quality close to 1 is mostly ideal for a homogeneous material. Therefore, based on this grid dependency study, a mesh with a total of 290 990 triangular elements, which had a maximum element size of 10 µm and an average mesh quality of 0.9854, was chosen to investigate the fluid flow and concentration inside the channel.
III. RESULTS AND DISCUSSION
A. Experimental validation of the model
The correct estimation of the magnetic field is essential for predicting the fluid flow and nanoparticle concentration as the convective transport of nanoparticle and body force are affected by the magnetic field. Figure 3 shows a comparison between the simulated and experimental magnetic flux densities. The simulation results agree well with the experimental data. Note that the microchannel is located between 1 and 1.5 mm distances from the magnet, where the simulation matches better with experimental data. Figure 4 shows the concentration distribution of the fluorescent dye inside the microchannel. Closer to the inlet, dye concentration is highest at the center of the channel because of hydrodynamic .
FIG. 5. Experimental intensity calibration extracted from
[Reproduced with permission from Hejazian, M., Phan, D.-T., and Nguyen, N.-T., "Mass transport improvement in microscale using diluted ferrofluid and a nonuniform magnetic field," RSC Adv. 6(67), 62439-62444 (2016) . Copyright 2016 The Royal Society of Chemistry.] focusing with the sheath flows. However, the dye concentration downstream is higher on the upper half of the channel due to the enhanced transport caused by the attraction of MNPs in the ferrofluid toward the magnets and the subsequent induced magnetoconvective secondary flow (Hejazian and Nguyen, 2017; . The secondary flow carries fluorescent dye molecules along with convective transport. The secondary flow changes the velocity field and nanoparticles travel toward the magnets. The consequence of this phenomenon is the higher transport of dye molecules from the core stream to the upper sheath stream. Both experimental and simulation show a similar pattern. The experimental result [ Fig. 3(b) ] shows that there is a narrow brighter stream near the upper wall of the channel, which corresponds to a higher concentration of dye at x * = 40 of the simulation, where x * = x/W is the dimensionless position along the x-direction and normalized by the channel width W.
To better compare with the experimental results, the numerical data were postprocessed carefully to correspond to the recorded normalized fluorescence intensity from experiments of our previous study by considering the concentration of the fluorescent dye and ferrofluid (FF) and the intensity calibration from the experiments. The dye and FF concentrations were calculated using Eqs. (9) and (10), respectively. These concentrations were then normalized by their maximum value in the whole field for each cross section along x * . The normalized concentrations of dye and FF were denoted by C * dye and C * FF , respectively. It is possible to relate the normalized numerical concentration to the normalized intensity calibration from the experiments (Fig. 5 ). In the core flow, the fluid mixture contains 20% vol. FF and 80% vol. fluorescent dye in DI-water, where the corresponding calibration of Fig. 4 indicates an intensity concentration of I * = 0.55. Given that the volume fraction of dye is 80% and a corresponding 80% intensity. Therefore, FF reduces the intensity by I * = 0.25. Hence, the overall intensity of
The corresponding fluorescence intensity can be easily defined through the normalized concentration of the different components with respect to the total fluid and then subtracting one from the other, I * = C * dye − C * FF . It can be seen that the concentration distribution is almost Gaussian with the peak at center (Fig. 6 ). Experiments also indicate that similar concentration distribution and the magnetic field has no effect on concentration distribution at the inlet . As expected, the flow-focusing configuration results in a concentration of MNPs to be highest at the center of the inlet. Consequently, the core appears darker at the center of the channel, creating the saddle shape of the fluorescence intensity. This phenomenon can be observed in both the simulation and experiment. However, numerical results predict a broader width for both dye and FF concentrations, with both of the saddle peaks underpredicted. The width of the FF concentration matches with the experiments. However, the fluorescent dye concentration is broader due to the higher diffusion coefficient of the much smaller dye molecules. The percentage of error near the peak is about 9%-20%; however, since the percentage of error was calculated based on normalized values (<1), this calculation is very sensitive. Figure 7 shows the concentration distribution of fluorescent dye from simulation and experimental light intensity at x * = 30. The concentration profile shifted toward the left-hand side of the graph (i.e., upper half of the channel) due to magnetoconvection in both the experiment and simulation. The spreading width of the core stream from the experiment and simulation is shown in Fig. 8 width or mass transport increases along the length of the channel and reaches a value of half width (peak) at x * = 30.
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In conclusion, the simulation can reasonably predict the trend at of concentration distribution at various locations such as at x * = 0 ( Fig. 6 ) and x * = 30 (Fig. 7) . The prediction of spreading width of fluorescent dye is even more accurate, as shown in Fig. 8 .
B. Parametric analysis
The following parametric study was conducted to examine how the concentration distribution of fluorescence dye varies with one or more input parameters. Since the distance of the channel from the magnets and size of nanoparticles are the two key factors that affect the concentration distribution of dye, the parametric analysis of these two factors was considered. Figure 9 shows the two-dimensional concentration distribution of the fluorescent dye with magnets positioned located 1 mm and 1.5 mm away from the microchannel. With a 1-mm distance, the dye concentration can reach the top wall of the channel due to higher magnetic field strength. By contrast, the dye core has not reached the top wall with a 1.5-mm distance. Therefore, the simulation could be helpful to identify the optimum distance between the magnet and the microchannel. One interesting observation from the simulation is that the width of the core becomes wider with an increasing distance. The core dye concentration is not significantly affected near the inlet of the channel. This observation obtained from the numerical study agrees well with the experimental results obtained by . The result shows that the core stream remains narrow at the inlet and slightly increases until x * = 16. Beyond x * = 16, the dye concentration disperses and becomes wider. Figure 10 shows the normalized dye concentration at x * = 23 (top subplot) and x * = 30 (bottom subplot) for 1-mm, 1.25-mm, and 1.5-mm distance between the magnets and the microchannel. The concentrations are plotted against normalized width [y * = y/W ( Fig. 1) ] where 0 to −1 refers to the upper half of the channel and 0 to +1 refers to the lower half of the channel. It is apparent that for x * = 30, the dye concentration is higher near the upper wall of the channel compared to x * = 23 as the dye is shifted more along the length on the downstream. For both x * = 23 and 30, the 1-mm distance allows the dye core to shift more toward the upper half of the channel compared to the larger distances. However, the width of the dye core remains almost same for 1.25-mm and 1.5-mm distances at x * = 30. Although the core flow does not shift significantly at x * = 23, the spreading width changes significantly with distance. Thus, decreasing the distance between the channel and magnets can significantly enhance mass transfer. At x * = 30 and d = 1 mm, the dye concentration is highest near the wall. This is probably due to the accumulation of dye or ferrofluid at the wall. Since the force exerted by the external magnet depends on the nanoparticle size, therefore, Fig. 11 shows the effect of the size on spreading. The larger particles experience more volume fore according to Eq. (14). Therefore, the dye concentration with the 10-nm particle is higher near the upper wall of the channel (Fig. 11) . This is more apparent for the downstream regime of the flow, i.e., for x * > 30. For instance, at x * = 40 (bottom figure) , the 5-nm particle concentrated curve is bell shape with the highest concentration in the center of the core flow. Whereas at the same location (x * = 40), the dye spread more toward the upper half of the channel, having the highest concentration near the wall for 10-nm particles. A similar pattern was observed for x * = 30 and 10-nm particle, however, with a plateau near y * = −0.5 and highest concentration near the wall.
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Therefore, for separation applications, the nanoparticle size could be chosen depending on the channel length using our numerical model.
IV. CONCLUSION
The present study develops a numerical model to investigate mass transfer enhancement phenomena of MNPs and fluorescent dye under nonuniform magnetic field. We demonstrated that the core stream with the MNPs of the ferrofluid and fluorescent dye near the inlet spreads into the upper sheath stream due to magnetoconvection. The spreading of the core stream reached a maximum concentration at x * > 30. With the numerical model, we investigated the effect of distance between the magnet and the microchannel and the size of the MNPs of the ferrofluid. Increasing the distance between the magnets and the microchannel decreases the magnetic field strength and prevents the fluorescent dye from reaching the upper wall. By contrast, increasing the size of the MNPs in the ferrofluid enhances the transport of the fluorescent dye significantly. The present simulation results agree well with experimental data from our previous work. The numerical model presented in this paper could be employed for designing and optimizing magnetofluidic micromixers, gradient generators, 
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